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Enumerative Combinatorics
We study discrete objects using sequences which could 

• count objects in a combinatorial class  

• capture the probability that an event occurs 

• track the runtime of an algorithm  

• encode a class with parameters 



Goal: 
Say something 

interesting about 
the sequence



Exact Formulas

It’s unreasonable to expect this to always occur — not 
all combinatorial sequences have simple formulas, and 
even if they do they can be hard to prove!

A. Cayley. A Theorem on Trees. Quart. J. Pure Appl. Math. Vol 23, 376–378, 1889.



Efficient Algorithms

Gathering data can be useful for studying sequences, and 
conjecturing formulas, but doesn’t fully capture behaviour.



Asymptotics
Instead of exact enumeration, focus on large-scale 
behaviour by approximating      for large n. 
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Limit Theorems
We can capture the large-scale behaviour of parameters 
through limit theorems 
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Number of divisions when running Euclidean algorithm on pairs of polynomials
in Z3[x] with larger polynomial monic of degree 500



Generating Functions
The generating function (GF) of      is 
 

Example 
The GF for binary strings counted by length is 
 
 
 
Example 
The GF for integer partitions is
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Generating Functions
The generating function (GF) of      is 
 

 
Algebraic / differential / functional equations for F form a 
data structure for   

<latexit sha1_base64="R5mNnegBQXskuVqZ/XilSS2HKww="></latexit>

F (z) =
X

n�0

fnz
n

<latexit sha1_base64="NAC5sjuwE1/FPbxvuEVII4Y0NmU="></latexit>

fn

<latexit sha1_base64="NAC5sjuwE1/FPbxvuEVII4Y0NmU="></latexit>

fn

A. de Moivre, The Doctrine of Chances or a Method of Calculating the Probabilities of Events in Play, 1718



Generating Function Classes

D-ALGEBRAIC

RATIONAL

ALGEBRAIC

D-FINITE



Combinatorial definitions often 
automatically translate to GF equations



Alternating Permutations
An alternating permutation is a permutation    of odd length 
such that 
 

The alternating permutations of length three: 213 and 312

⇡
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Alternating Permutations

Comptes rendus de l'Académie des sciences, 1879

An alternating permutation is a permutation    of odd length 
such that 
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COMBINATORIAL DESCRIPTION
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GENERATING FUNCTION

An alternating permutation is a permutation    of odd length 
such that 
 

The alternating permutations of length three: 213 and 312



Alternating Permutations
⇡

<latexit sha1_base64="RmueLqp25T1ewvLMl2nDQCX3DbM="></latexit>

⇡1 > ⇡2 < ⇡3 > · · ·

<latexit sha1_base64="gCVUq0g1s3T/uELjhsXtMlX6gcI="></latexit>

RECURRENCE

COMBINATORIAL DESCRIPTION

DIFFERENTIAL EQ

GENERATING FUNCTION

An alternating permutation is a permutation    of odd length 
such that 
 

The alternating permutations of length three: 213 and 312

a2k+1 =
X

j�0

✓
2k

j

◆
aja2k�j

<latexit sha1_base64="JDBWU4A6lbJFfOy/N9Lsy0Qe2tk="></latexit>



Alternating Permutations
⇡

<latexit sha1_base64="RmueLqp25T1ewvLMl2nDQCX3DbM="></latexit>

⇡1 > ⇡2 < ⇡3 > · · ·

<latexit sha1_base64="gCVUq0g1s3T/uELjhsXtMlX6gcI="></latexit>

RECURRENCE

COMBINATORIAL DESCRIPTION

DIFFERENTIAL EQ

GENERATING FUNCTION

An alternating permutation is a permutation    of odd length 
such that 
 

The alternating permutations of length three: 213 and 312

a2k+1 =
X

j�0

✓
2k

j

◆
aja2k�j

<latexit sha1_base64="JDBWU4A6lbJFfOy/N9Lsy0Qe2tk="></latexit>

A0(z) = A(z)2 + 1

<latexit sha1_base64="HFm+xxDft5QVXtrzluWki0Qy4A4="></latexit>



Alternating Permutations
⇡

<latexit sha1_base64="RmueLqp25T1ewvLMl2nDQCX3DbM="></latexit>

⇡1 > ⇡2 < ⇡3 > · · ·

<latexit sha1_base64="gCVUq0g1s3T/uELjhsXtMlX6gcI="></latexit>

RECURRENCE

COMBINATORIAL DESCRIPTION

DIFFERENTIAL EQ

GENERATING FUNCTION

An alternating permutation is a permutation    of odd length 
such that 
 

The alternating permutations of length three: 213 and 312

a2k+1 =
X

j�0

✓
2k

j

◆
aja2k�j

<latexit sha1_base64="JDBWU4A6lbJFfOy/N9Lsy0Qe2tk="></latexit>

A0(z) = A(z)2 + 1

<latexit sha1_base64="HFm+xxDft5QVXtrzluWki0Qy4A4="></latexit>

tan z

<latexit sha1_base64="7wdJ28lOScMJ/GM0DKG1gDsvsUo="></latexit>



Alternating Permutations
⇡

<latexit sha1_base64="RmueLqp25T1ewvLMl2nDQCX3DbM="></latexit>

⇡1 > ⇡2 < ⇡3 > · · ·

<latexit sha1_base64="gCVUq0g1s3T/uELjhsXtMlX6gcI="></latexit>

RECURRENCE

COMBINATORIAL DESCRIPTION

DIFFERENTIAL EQ

GENERATING FUNCTION

An alternating permutation is a permutation    of odd length 
such that 
 

The alternating permutations of length three: 213 and 312

a2k+1 =
X

j�0

✓
2k

j

◆
aja2k�j

<latexit sha1_base64="JDBWU4A6lbJFfOy/N9Lsy0Qe2tk="></latexit>

A0(z) = A(z)2 + 1

<latexit sha1_base64="HFm+xxDft5QVXtrzluWki0Qy4A4="></latexit>

ASYMPTOTICS

tan z

<latexit sha1_base64="7wdJ28lOScMJ/GM0DKG1gDsvsUo="></latexit>



Asymptotics of Alternating Permutations

The Cauchy integral formula implies

an
n!

= [zn] tan z =
1

2⇡i

Z

C

tan z

zn+1
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations

(n odd)

<latexit sha1_base64="CQANCXk8ELTNmiS2qxc27cjDeFI="></latexit>



Asymptotics of Alternating Permutations

(n odd)
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Asymptotics of Alternating Permutations

(n odd)
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Analytic Combinatorics
Main Takeaways: 

• Each singularity gives contribution 

• Those singularities closest to the origin affect dominant 
asymptotics 

• The contributions of each can be determined by a local analysis 
of the generating function 

There are many known formulas for different types of singularities

F (z) ⇠ (1� z)↵
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1
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�(�↵)
(log n)�

<latexit sha1_base64="73Vnm3EOVG4Mh3D+q8D9K48c9sY="></latexit>



C-Fini# Sequences and 

Ra"onal Func"ons



C-Finite Sequences
A sequence                         
 
 
is C-finite if it satisfies a linear recurrence relation with 
constant coefficients 
 
 
 
 
Example: The Virahanka-Fibonacci numbers are defined by
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C-Finite Sequences
A sequence                         
 
 
is C-finite if it satisfies a linear recurrence relation with 
constant coefficients 
 
 
 
 
Theorem:       is C-finite iff its generating function is rational. 
 
Proof:
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A Closed Expression
Back to the Virahanka-Fibonacci numbers, 
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A Closed Expression
Back to the Virahanka-Fibonacci numbers, 

so 
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A Closed Expression
Back to the Virahanka-Fibonacci numbers, 

so 
 
 
 
 
Theorem: If                           is rational and H has roots                        
                     then there exist 
such that
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A Closed Expression
Back to the Virahanka-Fibonacci numbers, 

so 
 
 
 
 
Corollary: If H has a unique dominant singularity 
 
 
then
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Look-and-Say Digit Sequence
Consider the sequence 
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Look-and-Say Digit Sequence
Consider the sequence 
 
 
Conway (1987): GF for # of digits in the nth term is
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Look-and-Say Digit Sequence
Consider the sequence 
 
 
Conway (1987): GF for # of digits in the nth term is 

 
Knowing H has a single dominant singularity  
where                implies
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The Skolem Problem
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Open Problem 1 
Is there an algorithm that takes any C-finite sequence and  
determines whether it has a zero term?

Open Problem 2 
Is there an algorithm that takes any C-finite sequence and  
determines whether it is positive?
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Open Problem 2’ 
Is there an algorithm that takes any C-finite sequence and  
determines whether it is eventually positive?

Open Problem 1 
Is there an algorithm that takes any C-finite sequence and  
determines whether it has a zero term?

The Skolem Problem



  -Rationality
The generating functions of regular languages form the 
   -rational functions. This is the class that 

• contains 1 and x  

• is closed under addition, multiplication, and
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  -Rationality
The generating functions of regular languages form the 
   -rational functions. This is the class that 

• contains 1 and x  

• is closed under addition, multiplication, and 

 
Berstel (1971): If F is    -rational then its dominant singularities 
differ by multiples of roots of unity. 

 
Corollary: If F is    -rational then there is predictable periodic 
behaviour.
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  -Rationality
The generating functions of regular languages form the 
   -rational functions. This is the class that 

• contains 1 and x  

• is closed under addition, multiplication, and 

 
Berstel (1971): If F is    -rational then its dominant singularities 
differ by multiples of roots of unity. 

 
I have never met a counting problem that would yield a rational, 
but not   -rational GF — Mireille Bousquet-Mélou, 2006 ICM
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P-Recursive Sequences and 

D-Fini# Func"ons



Philos. Trans. R. Soc. London 9, 1674. 
Antoni Van Leeuwenhoek



The Microscope in Medicine, L. S. Beale. 1878.





WHERE DOES THIS SHAPE 
COME FROM?

Human Cells Canine Cell





Genus 1 Canham Model
<latexit sha1_base64="ymO6TSiC7vOH8mvU7VkBAtp8y6U="></latexit>

Canham Problem: For fixed genus g and fixed isoperimetric ratio ◆0
find the surface S minimizing

R
S(1 + 2)2 dA
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Yu and Chen (2020): Let        be the following sequence. 
There is a unique solution in genus one if all terms of       are 
positive, where 
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Pictures from Yu-Chen and Michalet-Bensimon (1995)
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P-Recursive Sequences
A sequence                         
 
 
is P-recursive if it satisfies a linear recurrence relation with 
polynomial coefficients 
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P-Recursive Sequences
A sequence                         
 
 
is P-recursive if it satisfies a linear recurrence relation with 
polynomial coefficients 
 
 
 
Example: If            then 
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P-Recursive Sequences
A sequence                         
 
 
is P-recursive if it satisfies a linear recurrence relation with 
polynomial coefficients 
 
 
 
Example: If            then 

 
 
Theorem:      is P-recursive iff        is D-finite
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M. and Mezzarobba (2021)
Theorem 1: The dominant asymptotic term of      is positive 

 
Theorem 2: If               then the dominant asymptotic term is 
larger than all subdominant terms 

 
Theorem 3: The terms                   are positive 
 
 
Corollary: The genus one Canham problem has a unique 
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DMM (2022): Software to do general analysis (with some assumptions)



Singularities of D-finite Functions
The generating function of this sequence satisfies a D-finite equation 
whose solutions form a finite-dimensional vector space. 
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Singularities of D-finite Functions
The generating function of this sequence satisfies a D-finite equation 
whose solutions form a finite-dimensional vector space. 

We can compute a basis of series solutions centred any point in.  
 
In our example, the series centred at          have the form 

These series will converge in open disks (potentially with a ray 
from the centre removed because of log / algebraic powers).
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Techniques from numeric analysis, differential equations, 
and computer algebra are used to create practical algorithms 
for numeric analytic continuation. 

We determine the behaviour of the generating function near its 
singularities in terms of constants that can be rigorously 
approximated. This translates to asymptotic expansions with 
explicit error bounds. 

Biomembrane Asymptotics



Ultimately, we obtain 

 
for constants 

 
 
(Note: with efficient algorithms we can determine 1000 decimal places in Sage in 1 min) 

 

Corollary 

Biomembrane Asymptotics
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What Can Go Wrong?



How many lattice paths taking n steps {N,S,E,W} start at the 
origin and stay in the first quadrant?

Lattice Path Example



The kernel method proves that the generating function for the 
number of such walks satisfies 

 

Lattice Path Example
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The kernel method proves that the generating function for the 
number of such walks satisfies 

 
This proves that the number of walks satisfies the recurrence 

 
 
which has a basis of solutions

Lattice Path Example
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We can use rigorous numeric analytic continuation to show
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Consider walks on the steps {N, SE, SW} in   
The number of walks satisfies an order 6 P-recurrence. 
  
 
There is an basis consisting of solutions with expansions 

 
 
 
with other elements
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One can write 

 
 

<latexit sha1_base64="uvHvJbuJSokWK8VwPQC1Lm+GniM="></latexit><latexit sha1_base64="uvHvJbuJSokWK8VwPQC1Lm+GniM="></latexit><latexit sha1_base64="uvHvJbuJSokWK8VwPQC1Lm+GniM="></latexit><latexit sha1_base64="uvHvJbuJSokWK8VwPQC1Lm+GniM="></latexit>

qn = C1
3np
n

✓
1� 33

16n
+ · · ·

◆
+ C2

(2
p
2)n

n2

 
1� 32

p
2 + 57

4n
+ · · ·

!

+ C3
(�2

p
2)n

n2

 
1� 32

p
2� 57

4n
+ · · ·

!
+ O

 
(2
p
2)n

n3

!

<latexit sha1_base64="I8Tb3ZXHlKG7FE5CHSwH0BA/SMM="></latexit>

Lattice Path Example 2



One can write 

 
 
Here we calculate 

We can’t prove           without bounds on these constants… 
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Open Problem 3 
Can we decide when such connection coefficients are exactly zero?



One can write 

 
 
Here we calculate 

We can’t prove           without bounds on these constants… 

We need another representation…
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Ra"onal Diagonals



Multivariate Diagonals
Now we start with a multivariate series                          

 
 
 
 
The -diagonal consists of the coefficients 
Note the coefficient      is defined only if 
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Why Diagonals?

• Data structures for interesting univariate sequences 

• Uniform asymptotics over most directions  

• Yield combinatorial limit theorems (ask me) 

 
We focus on rational (or meromorphic) diagonals 

• Diagonal of an algebraic function in d variables is the 
diagonal of a rational function in 2d variables



Generating Function Classes

D-ALGEBRAIC

RATIONAL

ALGEBRAIC

DIAGONALS

D-FINITE



Analytic Combinatorics in Several Variables

Assume  

 
converges in a neighbourhood of the origin. 
 
The singularities of        are given by                           . 
Singularities closest to the origin are called minimal points.
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Multivariate Cauchy Integral Formula 
 
 
 
where  is a product of circles
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Difficulties of ACSV

One variable rational (or meromorphic) functions 

• Find finite set of singularities closest to the origin 

• Add their asymptotic contributions 

In more than one variable 

• Set of minimal points is infinite 

• Singular set can have nontrivial geometry (self-intersections) 

• Can deform domain of integration around singular set!



Simplest case: Denominator  and its partial derivatives don’t 
simultaneously vanish. 
 
Then critical points are defined by 
 
 
 
 

H
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H = 0, rjz1Hz1 = r1zjHzj (2  j  d)
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partial derivative

Smooth ACSV



Simplest case: Denominator  and its partial derivatives don’t 
simultaneously vanish. 
 
Then critical points are defined by 
 
 
 
Critical points: Asymptotic approximations can be made 
Minimal points: Cauchy integral can be deformed close to 
 
 
The asymptotic contribution of a minimal critical point  depends 
on an explicit matrix                built from partial derivatives of  

H
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Smooth ACSV



Main Theorem of Smooth ACSV  
(Baryshnikov Pemantle 2011 / BMP 2021 )
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Let r 2 Rd
>0 and let G(z) and H(z) be analytic functions

so that G(z)/H(z) has a power series expansion
P

i2Nd fizi.
Suppose that the system
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admits a finite number of solutions. If

• there is exactly one minimal solution, w 2 Cd
⇤

• Hzd(w) and detM are non-zero,

then
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Uniform diagonal expression for walk models in      whose step 
sets                 are symmetric over every axis. 

C(t) = �
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Application: Walks in an Orthant

S ⇢ {±1, 0}d
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Application: Walks in an Orthant
Uniform diagonal expression for walk models in      whose step 
sets                 are symmetric over every axis. S ⇢ {±1, 0}d
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M. and Mishna, 2016



Application: Walks in an Orthant
M. and Wilson (2019) generalize this to find asymptotics for 
models with step sets symmetric over all but one axis 
(including the previous example).



A lonesum matrix is a  matrix that is uniquely 
determined by its row and column sums. 

0� 1
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Application: Lonesum Matrices
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Khera, Lundberg, and M. (2021)



Noncommutative Biology: Sequential Regulation of Complex Networks 
Letsou and Cai. PLOS Computational Biology, 2016.

A lonesum matrix is a  matrix that is uniquely 
determined by its row and column sums. 
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Application: Lonesum Matrices



Let f(t) = t/(1� e
t) log(1� e

�t).

Theorem. If n, k ! 1 such that n/k ! � > 0 then
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Application: Lonesum Matrices



Suppose that        and         have coefficients       and degree q        z z

Suppose also that the power series of         has non-negative coefficients       F (z)
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Can remove non-negativity assumption, with increased complexity.

ACSV Complexity Results

Theorem (M. and Salvy, 2016) 
Under generic and verifiable assumptions one can find all  
minimal critical points, and compute asymptotics in                 
               bit operations.
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Õ(hq4d+5)

Theorem (M. and Salvy, 2021) 
Under verifiable assumptions, one can find minimal critical  
points in                    bit operations.
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ACSV Complexity Results

Õ(hd9n+423n)

General Idea: 
- Assumptions imply finite number of critical points 

- Use a univariate (Kronecker) representation to encode them 

- Reduce everything to polynomial equalities and inequalities 
with bounded degrees and coefficient sizes 

- Use numerical methods with sufficient precision to test minimality

Theorem (M. and Salvy, 2021) 
Under verifiable assumptions, one can find minimal critical  
points in                    bit operations.
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Irrationality of Zeta(3)

A Proof that Euler Missed, Alfred van der Poorten
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Irrationality of Zeta(3)

A Proof that Euler Missed, Alfred van der Poorten



Restricted Factors in Words
The number of balanced binary strings with no substring equal to 
10101101 and 1110101 is the main diagonal of
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1� x3y6 + x3y4 + x2y4 + x2y3

1� x� y + x2y3 � x3y3 � x4y4 � x3y6 + x4y6



Complexity and Algorithms for ACSV
Lee, M., Smolčić (2022): Algorithms using polynomial 
homotopy methods 

 
 

 
Andrew Luo URA (2022): First rigorous implementation 
with interval arithmetic, and generalization of polynomial 
methods to Laurent expansions



Conclusion
• For rational/algebraic GFs determining asymptotics is (for 

practical applications) automatic 

• For D-algebraic GFs determining asymptotics is undecidable 

• Computability of D-finite asymptotics is open due to the 
connection problem 

• Rational diagonals lie between algebraic and D-finite, and 
allow new techniques to be applied. Also allow for multivariate 
analysis (ask me) 

• Effective methods for analytic combinatorics answer are 
interesting and find application to real problems
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