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Graphs are ubiquitous

-Graphs are important for modeling relational data; they enable relationships 
between events to be discovered

-Social networks 

-Cellular and molecule networks 

-Neural networks

-Communication networks

-IP/Domain networks



-Graphs are popular in traditional fields such as theoretical 
computer science and statistics. Applications include triangle 
counting, routing flows, planted clique etc. 

-However, recently, there has been an explosion of large-scale 
graph data that exhibit new challenges.

Graphs are ubiquitous in academia as well



Modern graphs do not exhibit a clear global structure

-Real large-scale graphs have rich local structure

-We often have to detect small clusters in large and 
noisy graphs:

Rather than partitioning graphs with  
nice structure

protein-protein interaction graph, 
color denotes similar functionality 

US-Senate graph,  
nice bi-partition in year 1865 around the end of  

the American civil war  



Our goal

-We need methods that are able to probe graphs with billions of 
nodes and edges.

-The running time of the new methods should depend on the size of 
the output instead of the size of the whole graph.

-The new methods should be supported by worst- and average-case 
theoretical guarantees.



Today’s topics

1.Local graph clustering, definition and examples 

2.Local spectral methods 

3.Local flow methods 

4.Local p-norm local flow methods 

5.Scalability to multi-core hardware



About this talk

-I will mostly discuss methods, I will demonstrate theoretical results 
and I will present experiments that promote understanding of the 
methods within the available time. 

-For extensive experiments on real-data please check the cited 
papers. We literally have performed hundreds of experiments for 
measuring performance of local graph clustering methods.



Brief definition of local graph clustering

-Find set of nodes A given a seed node in target set B 
-Set A has good precision/recall w.r.t set B 
-The running time depends on size of B instead of the whole graph



Data: Facebook Johns Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012

Facebook Johns Hopkins social network: color denotes class year

Students of year 2009



Example

Data: Facebook Johns Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012



Data: The MIPS mammalian protein-protein interaction database. Bioinformatics, 21(6):832-834, 2005

Protein structure similarity: color denotes similar function



Data: The MIPS mammalian protein-protein interaction database. Bioinformatics, 21(6):832-834, 2005

Local graph clustering finds 2% of the graph



Data: The MIPS mammalian protein-protein interaction database. Bioinformatics, 21(6):832-834, 2005

Local graph clustering finds 1% of the graph



Warm-up: Local Spectral Methods



Some definitions

-Lazy random walk matrix: W =
1
2 (I + AD−1)

-Random walk matrix: AD−1

-Each element of  shows the number of neighbors of a nodeD

-Graph Laplacian: L = D − A

-Degree matrix: ,  is a vector of all ones.D = diag(A1n) 1n

-An element of  is equal to 1 if two nodes are connected A

-n x n adjacency matrix: A

Graph: , , G = ( V
⏟

nodes

, E
⏟

edges

) |V | = n |E | = m



Personalized random walk

-Consider a diffusion process where we perform lazy random walk with 
probability 1-alpha, and jump to a given seed node with probability alpha:

-Let ↵ 2 (0, 1)
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-where    is an indicator vector of the seed node and alpha is the teleportation 
parameter.

-Simple idea: use a random walk from a seed node. The nodes with the 
highest probability after k steps consist a cluster.

s
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Let’s get rid off the tail

-For the stationary personalized PageRank vector most of the 
probability mass is concentrated around the seed node.

-This means that the ordered personalized PageRank vector has long 
tail for nodes far away from the seed node. 

-We can efficiently cut the tale using l1-regularized PageRank without 
even having to compute the long tail.



L1-regularized PageRank

where

Q = ↵D +
1� ↵

2
L
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-Simple check: for ρ=0 the optimality conditions of the l1-regularized 
problem give the personalized PageRank linear system.

minimize
1

2
xTQx� ↵xT s

| {z }
f(x)

+ ⇢↵kDxk1| {z }
g(x)
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Fountoulakis et al. Variational Perspective of Local Graph Clustering, Mathematical Programming, 2017



Properties of the l1-regularized optimal solution

-Theorem

- If the graph is unweighted then the number of nonzero nodes in the 
optimal solution is bounded by 1/ρ. 

- If the graph is weighted then the volume of nonzero nodes in the optimal 
solution is bounded by 1/ρ.

Fountoulakis et al. Variational Perspective of Local Graph Clustering, Mathematical Programming, 2017



Sketch of proof
-Theorem: Let     be the optimal solution. Then the volume of the support of the 
solution is bounded Bounded volume of the support

Result 1: Negative partial derivatives are bounded from below

Result 2: Gradients are bounded from above

Results 1 + 2 use proof-by-algorithm + strong convexity, Results 1 + 2 
give the final result.

vol(Ŝ) =
X

i2Ŝ

di 
1

⇢
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⇢↵1/2  �rif(x̂) 8i 2 Ŝ
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Ŝ = {i | x̂i 6= 0}
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x̂
<latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit>

where

kD1/2rf(x̂)k1  ↵
<latexit sha1_base64="VcoyIBFNL6fOzYYgqGSEbJ3NuAM=">AAACEnicbVC7TsNAEDzzDOEVoKQ5ESGFJtgREpQRUFAGiTyk2Fjryzk55Xy27s6IyOQbaPgVGgoQoqWi42+4PApIGGml0cyudneChDOlbfvbWlhcWl5Zza3l1zc2t7YLO7sNFaeS0DqJeSxbASjKmaB1zTSnrURSiAJOm0H/YuQ376hULBY3epBQL4KuYCEjoI3kF47ch8vbzDmuDF0BAQccltwe6Ox+aBzfwS6n2AWe9MAvFO2yPQaeJ86UFNEUNb/w5XZikkZUaMJBqbZjJ9rLQGpGOB3m3VTRBEgfurRtqICIKi8bvzTEh0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a9Ubif1471eGZlzGRpJoKMlkUphzrGI/ywR0mKdF8YAgQycytmPRAAtEmxbwJwZl9eZ40KmXHLjvXJ8Xq+TSOHNpHB6iEHHSKqugK1VAdEfSIntErerOerBfr3fqYtC5Y05k99AfW5w9/Cpy6</latexit><latexit sha1_base64="VcoyIBFNL6fOzYYgqGSEbJ3NuAM=">AAACEnicbVC7TsNAEDzzDOEVoKQ5ESGFJtgREpQRUFAGiTyk2Fjryzk55Xy27s6IyOQbaPgVGgoQoqWi42+4PApIGGml0cyudneChDOlbfvbWlhcWl5Zza3l1zc2t7YLO7sNFaeS0DqJeSxbASjKmaB1zTSnrURSiAJOm0H/YuQ376hULBY3epBQL4KuYCEjoI3kF47ch8vbzDmuDF0BAQccltwe6Ox+aBzfwS6n2AWe9MAvFO2yPQaeJ86UFNEUNb/w5XZikkZUaMJBqbZjJ9rLQGpGOB3m3VTRBEgfurRtqICIKi8bvzTEh0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a9Ubif1471eGZlzGRpJoKMlkUphzrGI/ywR0mKdF8YAgQycytmPRAAtEmxbwJwZl9eZ40KmXHLjvXJ8Xq+TSOHNpHB6iEHHSKqugK1VAdEfSIntErerOerBfr3fqYtC5Y05k99AfW5w9/Cpy6</latexit><latexit sha1_base64="VcoyIBFNL6fOzYYgqGSEbJ3NuAM=">AAACEnicbVC7TsNAEDzzDOEVoKQ5ESGFJtgREpQRUFAGiTyk2Fjryzk55Xy27s6IyOQbaPgVGgoQoqWi42+4PApIGGml0cyudneChDOlbfvbWlhcWl5Zza3l1zc2t7YLO7sNFaeS0DqJeSxbASjKmaB1zTSnrURSiAJOm0H/YuQ376hULBY3epBQL4KuYCEjoI3kF47ch8vbzDmuDF0BAQccltwe6Ox+aBzfwS6n2AWe9MAvFO2yPQaeJ86UFNEUNb/w5XZikkZUaMJBqbZjJ9rLQGpGOB3m3VTRBEgfurRtqICIKi8bvzTEh0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a9Ubif1471eGZlzGRpJoKMlkUphzrGI/ywR0mKdF8YAgQycytmPRAAtEmxbwJwZl9eZ40KmXHLjvXJ8Xq+TSOHNpHB6iEHHSKqugK1VAdEfSIntErerOerBfr3fqYtC5Y05k99AfW5w9/Cpy6</latexit><latexit sha1_base64="VcoyIBFNL6fOzYYgqGSEbJ3NuAM=">AAACEnicbVC7TsNAEDzzDOEVoKQ5ESGFJtgREpQRUFAGiTyk2Fjryzk55Xy27s6IyOQbaPgVGgoQoqWi42+4PApIGGml0cyudneChDOlbfvbWlhcWl5Zza3l1zc2t7YLO7sNFaeS0DqJeSxbASjKmaB1zTSnrURSiAJOm0H/YuQ376hULBY3epBQL4KuYCEjoI3kF47ch8vbzDmuDF0BAQccltwe6Ox+aBzfwS6n2AWe9MAvFO2yPQaeJ86UFNEUNb/w5XZikkZUaMJBqbZjJ9rLQGpGOB3m3VTRBEgfurRtqICIKi8bvzTEh0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a9Ubif1471eGZlzGRpJoKMlkUphzrGI/ywR0mKdF8YAgQycytmPRAAtEmxbwJwZl9eZ40KmXHLjvXJ8Xq+TSOHNpHB6iEHHSKqugK1VAdEfSIntErerOerBfr3fqYtC5Y05k99AfW5w9/Cpy6</latexit>

! vol(Ŝ)⇢↵  kD1/2rf(x̂)k1
<latexit sha1_base64="VSCDoxnAkELM2kshhW5vON7n/Yo="></latexit><latexit sha1_base64="VSCDoxnAkELM2kshhW5vON7n/Yo="></latexit><latexit sha1_base64="VSCDoxnAkELM2kshhW5vON7n/Yo="></latexit><latexit sha1_base64="VSCDoxnAkELM2kshhW5vON7n/Yo="></latexit>



The solution path is monotonic

-Theorem

-Let           be the solution of the l1-regularized problem as a function of ρ. x̂(⇢)
<latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit><latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit><latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit><latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit>

-Then           is a component-wise monotone functionx̂(⇢)
<latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit><latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit><latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit><latexit sha1_base64="g2VawNHxDqEN6JIrG9ozQMjdZp8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmu2GZpM1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDvz22OqNJPiwUwS6sd4KFjICDZW8nsRNtnTtNpTkTzvlytuzZ0DrRIvJxXI0eiXv3oDSdKYCkM41rrruYnxM6wMI5xOS71U0wSTER7SrqUCx1T72fzoKTqzygCFUtkSBs3V3xMZjrWexIHtjLGJ9LI3E//zuqkJr/2MiSQ1VJDFojDlyEg0SwANmKLE8IklmChmb0UkwgoTY3Mq2RC85ZdXSeui5rk17/6yUr/J4yjCCZxCFTy4gjrcQQOaQOARnuEV3pyx8+K8Ox+L1oKTzxzDHzifP54Rkfs=</latexit>

x̂(⇢0)  x̂(⇢1) for ⇢0 > ⇢1
<latexit sha1_base64="vDzoKeSRAm60dHl4v6inVDRZs2c=">AAACKXicbVBNS8NAFNzUr1q/oh69LBahXkoigp6k6MVjBdsKTQib7aZZusmG3Y20hP4dL/4VLwqKevWPuE1ysK1zGmbm8d4bP2FUKsv6Miorq2vrG9XN2tb2zu6euX/QlTwVmHQwZ1w8+EgSRmPSUVQx8pAIgiKfkZ4/upn5vUciJOXxvZokxI3QMKYBxUhpyTNbTohUNp42HBFyzzqFDiNwTrO1Fvl8nMGACziFRRBeFcT2zLrVtHLAZWKXpA5KtD3zzRlwnEYkVpghKfu2lSg3Q0JRzMi05qSSJAiP0JD0NY1RRKSb5Z9O4YlWBvkhAY8VzNW/ExmKpJxEvk5GSIVy0ZuJ/3n9VAWXbkbjJFUkxsWiIGVQcTirDQ6oIFixiSYIC6pvhThEAmGly63pEuzFl5dJ96xpW0377rzeui7rqIIjcAwawAYXoAVuQRt0AAZP4AW8gw/j2Xg1Po3vIloxyplDMAfj5xdi1aVt</latexit><latexit sha1_base64="vDzoKeSRAm60dHl4v6inVDRZs2c=">AAACKXicbVBNS8NAFNzUr1q/oh69LBahXkoigp6k6MVjBdsKTQib7aZZusmG3Y20hP4dL/4VLwqKevWPuE1ysK1zGmbm8d4bP2FUKsv6Miorq2vrG9XN2tb2zu6euX/QlTwVmHQwZ1w8+EgSRmPSUVQx8pAIgiKfkZ4/upn5vUciJOXxvZokxI3QMKYBxUhpyTNbTohUNp42HBFyzzqFDiNwTrO1Fvl8nMGACziFRRBeFcT2zLrVtHLAZWKXpA5KtD3zzRlwnEYkVpghKfu2lSg3Q0JRzMi05qSSJAiP0JD0NY1RRKSb5Z9O4YlWBvkhAY8VzNW/ExmKpJxEvk5GSIVy0ZuJ/3n9VAWXbkbjJFUkxsWiIGVQcTirDQ6oIFixiSYIC6pvhThEAmGly63pEuzFl5dJ96xpW0377rzeui7rqIIjcAwawAYXoAVuQRt0AAZP4AW8gw/j2Xg1Po3vIloxyplDMAfj5xdi1aVt</latexit><latexit sha1_base64="vDzoKeSRAm60dHl4v6inVDRZs2c=">AAACKXicbVBNS8NAFNzUr1q/oh69LBahXkoigp6k6MVjBdsKTQib7aZZusmG3Y20hP4dL/4VLwqKevWPuE1ysK1zGmbm8d4bP2FUKsv6Miorq2vrG9XN2tb2zu6euX/QlTwVmHQwZ1w8+EgSRmPSUVQx8pAIgiKfkZ4/upn5vUciJOXxvZokxI3QMKYBxUhpyTNbTohUNp42HBFyzzqFDiNwTrO1Fvl8nMGACziFRRBeFcT2zLrVtHLAZWKXpA5KtD3zzRlwnEYkVpghKfu2lSg3Q0JRzMi05qSSJAiP0JD0NY1RRKSb5Z9O4YlWBvkhAY8VzNW/ExmKpJxEvk5GSIVy0ZuJ/3n9VAWXbkbjJFUkxsWiIGVQcTirDQ6oIFixiSYIC6pvhThEAmGly63pEuzFl5dJ96xpW0377rzeui7rqIIjcAwawAYXoAVuQRt0AAZP4AW8gw/j2Xg1Po3vIloxyplDMAfj5xdi1aVt</latexit><latexit sha1_base64="vDzoKeSRAm60dHl4v6inVDRZs2c=">AAACKXicbVBNS8NAFNzUr1q/oh69LBahXkoigp6k6MVjBdsKTQib7aZZusmG3Y20hP4dL/4VLwqKevWPuE1ysK1zGmbm8d4bP2FUKsv6Miorq2vrG9XN2tb2zu6euX/QlTwVmHQwZ1w8+EgSRmPSUVQx8pAIgiKfkZ4/upn5vUciJOXxvZokxI3QMKYBxUhpyTNbTohUNp42HBFyzzqFDiNwTrO1Fvl8nMGACziFRRBeFcT2zLrVtHLAZWKXpA5KtD3zzRlwnEYkVpghKfu2lSg3Q0JRzMi05qSSJAiP0JD0NY1RRKSb5Z9O4YlWBvkhAY8VzNW/ExmKpJxEvk5GSIVy0ZuJ/3n9VAWXbkbjJFUkxsWiIGVQcTirDQ6oIFixiSYIC6pvhThEAmGly63pEuzFl5dJ96xpW0377rzeui7rqIIjcAwawAYXoAVuQRt0AAZP4AW8gw/j2Xg1Po3vIloxyplDMAfj5xdi1aVt</latexit>

-The inequality becomes strict when a component is positive.

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



Recover the whole path with the cost of one solve (in worst-case)
-Corollary
-The stage-wise algorithm (next slide) converges to the l1-regularized 
solution path if we drag the step-size of the algorithm to zero.

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



Stage-wise for recovering the whole path

-Corollary
-The stage-wise algorithm converges to the l1-regularized solution path if 
we drag the step-size    of the algorithm to zero.

2) Update [xk+1]i = [xk]i +
⌘

di
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1) Choose i such that
��d�1

i rif(xk)
�� is the largest among [n]
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⌘
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-The running time of stage-wise depends on the nonzero nodes and its 
neighbors and not on the size of the whole graph.

-Stage-wise algorithm

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



What if we do not want to recover the whole path? 

Proximal gradient descent

xk+1 := argmin g(x) + f(xk) + hrf(xk), x� xki| {z }
first-order Taylor approximation

+
1

2
kx� xkk22

| {z }
upper bound on the
approximation error

Requires careful implementation to avoid excessive running time
-Need to maintain a set of non-zero nodes 
-Update x and gradient only for non-zero nodes and their neighbors at 
each iteration

minimize
1

2
xTQx� ↵xT s

| {z }
f(x)

+ ⇢↵kDxk1| {z }
g(x)
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Theorem: non-decreasing non-zero nodes
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Sketch of proof
-Theorem: non-decreasing non-zero nodes

Result 2: The mass of the variables is non-decreasing

xk  xk+1 8k
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Result 1: Using induction we get that negative partial derivatives 
are bounded

Results 1 + 2 give Sk ✓ Sk+1
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Using the definition of a proximal step

�rif(xk) � ⇢↵d1/2i 8i 2 Sk and �rif(xk) < ⇢↵d1/2i 8i 2 [n]\Sk 8k
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Open problem: is accelerated prox. grad. a local algorithm? 

Gradient descent running time
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-  strong convexity parameter of the problem.μ



Accelerated prox. grad. is the fastest in practice 



Two ways to measure performance of the l1-regularized PageRank 
model

-Performance under stochastic block model - recover a cluster using the 
output of l1-regularized PageRank.

-Use conductance to measure quality of the output. Show that the output 
has conductance value similar to a target cluster around the seed node.

Average-case 

Worst-case

Fountoulakis et al. Variational Perspective of Local Graph Clustering, Mathematical Programming, 2017

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



Average-case guarantees



Average-case performance

Local random model

-Given a graph G with n nodes, let K be a target cluster inside G.

-Two nodes in K are connected with probability p

-Nodes in K are connected K^c with probability q.

-The rest of edges can be drawn using any other model.



Expected l1-regularized PageRank

-The optimal solution of the expected problem identifies the target cluster.

-Theorem
-Suppose that the seed node is selected from target cluster K. The optimal 
solution of 

x⇤ := argmin
1

2
xTE[Q]x� ↵xT s+ ⇢↵kE[D]xk1
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-satisfies
supp(x⇤) = K
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-as long as ⇢ = O

⇣ p

d̄2

⌘
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-where     is the expected degree of nodes in the target cluster.d̄
<latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit><latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit><latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit><latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit>

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



Results for l1-regularized PageRank for noisy data

- In practice, we do not have access to the expected graph. We are given a 
realization of the local random model that includes “noise”, i.e., edges from 
the target cluster to the rest of the graph.

-We have two results for the noisy case.
-First result.

-Second result.

-Zero false negatives.
-Bounded false positives.

-With additional assumptions on the seed nodes we can show exact 
recovery.

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



Results for l1-regularized PageRank for noisy data

-Theorem (bounded false positives)

-Suppose                           , where    is the size of the target cluster.p2k � O(log k)
<latexit sha1_base64="5bo1wJz4Byq8kyjreGboRyjnc4I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRF0GXRjTsr2Ac0sUymk3ToZCbMTIQSunLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv994TJIwq7Tjf1tLyyuraemmjvLm1vbNr7+23lUglJi0smJDdACnCKCctTTUj3UQSFAeMdILRVe53HohUVPA7PU6IH6OI05BipI3Ut4+S+zocQS8i0IuRHmLEsptJ1WMigqPTvl1xas4UcJG4BamAAs2+/eUNBE5jwjVmSKme6yTaz5DUFDMyKXupIgnCIxSRnqEcxUT52fSNCTwxygCGQpriGk7V3xMZipUax4HpzE9V814u/uf1Uh1e+BnlSaoJx7NFYcqgFjDPBA6oJFizsSEIS2puhXiIJMLaJFc2IbjzLy+Sdr3mOjX39qzSuCziKIFDcAyqwAXnoAGuQRO0AAaP4Bm8gjfryXqx3q2PWeuSVcwcgD+wPn8ARkqXtw==</latexit><latexit sha1_base64="5bo1wJz4Byq8kyjreGboRyjnc4I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRF0GXRjTsr2Ac0sUymk3ToZCbMTIQSunLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv994TJIwq7Tjf1tLyyuraemmjvLm1vbNr7+23lUglJi0smJDdACnCKCctTTUj3UQSFAeMdILRVe53HohUVPA7PU6IH6OI05BipI3Ut4+S+zocQS8i0IuRHmLEsptJ1WMigqPTvl1xas4UcJG4BamAAs2+/eUNBE5jwjVmSKme6yTaz5DUFDMyKXupIgnCIxSRnqEcxUT52fSNCTwxygCGQpriGk7V3xMZipUax4HpzE9V814u/uf1Uh1e+BnlSaoJx7NFYcqgFjDPBA6oJFizsSEIS2puhXiIJMLaJFc2IbjzLy+Sdr3mOjX39qzSuCziKIFDcAyqwAXnoAGuQRO0AAaP4Bm8gjfryXqx3q2PWeuSVcwcgD+wPn8ARkqXtw==</latexit><latexit sha1_base64="5bo1wJz4Byq8kyjreGboRyjnc4I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRF0GXRjTsr2Ac0sUymk3ToZCbMTIQSunLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv994TJIwq7Tjf1tLyyuraemmjvLm1vbNr7+23lUglJi0smJDdACnCKCctTTUj3UQSFAeMdILRVe53HohUVPA7PU6IH6OI05BipI3Ut4+S+zocQS8i0IuRHmLEsptJ1WMigqPTvl1xas4UcJG4BamAAs2+/eUNBE5jwjVmSKme6yTaz5DUFDMyKXupIgnCIxSRnqEcxUT52fSNCTwxygCGQpriGk7V3xMZipUax4HpzE9V814u/uf1Uh1e+BnlSaoJx7NFYcqgFjDPBA6oJFizsSEIS2puhXiIJMLaJFc2IbjzLy+Sdr3mOjX39qzSuCziKIFDcAyqwAXnoAGuQRO0AAaP4Bm8gjfryXqx3q2PWeuSVcwcgD+wPn8ARkqXtw==</latexit><latexit sha1_base64="5bo1wJz4Byq8kyjreGboRyjnc4I=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRF0GXRjTsr2Ac0sUymk3ToZCbMTIQSunLjr7hxoYhbv8Gdf+OkzUJbD1w4nHMv994TJIwq7Tjf1tLyyuraemmjvLm1vbNr7+23lUglJi0smJDdACnCKCctTTUj3UQSFAeMdILRVe53HohUVPA7PU6IH6OI05BipI3Ut4+S+zocQS8i0IuRHmLEsptJ1WMigqPTvl1xas4UcJG4BamAAs2+/eUNBE5jwjVmSKme6yTaz5DUFDMyKXupIgnCIxSRnqEcxUT52fSNCTwxygCGQpriGk7V3xMZipUax4HpzE9V814u/uf1Uh1e+BnlSaoJx7NFYcqgFjDPBA6oJFizsSEIS2puhXiIJMLaJFc2IbjzLy+Sdr3mOjX39qzSuCziKIFDcAyqwAXnoAGuQRO0AAaP4Bm8gjfryXqx3q2PWeuSVcwcgD+wPn8ARkqXtw==</latexit>

-and ⇢ = O(
�p

d̄2
)
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-where                , i.e., the probability of staying inside the target cluster in one 
step.

� =
pk

d̄
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-Then with probability                            the optimal solution of the realized 
problem has zero false negatives and the false positives are bounded

vol(FP )  vol(K)
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O

✓
1
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◆
� 1

◆

<latexit sha1_base64="RPjWlReXw9GyGoIi+ibXz4Q5n7E="></latexit><latexit sha1_base64="RPjWlReXw9GyGoIi+ibXz4Q5n7E="></latexit><latexit sha1_base64="RPjWlReXw9GyGoIi+ibXz4Q5n7E="></latexit><latexit sha1_base64="RPjWlReXw9GyGoIi+ibXz4Q5n7E="></latexit>

1� 6exp(�O(p2k))
<latexit sha1_base64="OHwzMN48HtSXEPUXPd4GZ6fei0Q=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHaRUtSRF0W3bizgn1AE8tkOm2HTpJhZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89HmdUKsv6NlZW19Y3NnNb+e2d3b198+CwJcNIYNLEIQtFx0OSMBqQpqKKkQ4XBPkeI21vfJX67QciJA2DOzXlxPXRMKADipHSUs8s2JUzx/fCSUwmPClVHB+pEUYsvklK/L4Gx+VyzyxaVWsGuEzsjBRBhkbP/HL6IY58EijMkJRd2+LKjZFQFDOS5J1IEo7wGA1JV9MA+US68eyXBJ5opQ8HodAVKDhTf0/EyJdy6nu6Mz1VLnqp+J/XjdTgwo1pwCNFAjxfNIgYVCFMg4F9KghWbKoJwoLqWyEeIYGw0vHldQj24svLpFWr2lbVvj0t1i+zOHLgGBRACdjgHNTBNWiAJsDgETyDV/BmPBkvxrvxMW9dMbKZI/AHxucPC82ZwQ==</latexit><latexit sha1_base64="OHwzMN48HtSXEPUXPd4GZ6fei0Q=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHaRUtSRF0W3bizgn1AE8tkOm2HTpJhZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89HmdUKsv6NlZW19Y3NnNb+e2d3b198+CwJcNIYNLEIQtFx0OSMBqQpqKKkQ4XBPkeI21vfJX67QciJA2DOzXlxPXRMKADipHSUs8s2JUzx/fCSUwmPClVHB+pEUYsvklK/L4Gx+VyzyxaVWsGuEzsjBRBhkbP/HL6IY58EijMkJRd2+LKjZFQFDOS5J1IEo7wGA1JV9MA+US68eyXBJ5opQ8HodAVKDhTf0/EyJdy6nu6Mz1VLnqp+J/XjdTgwo1pwCNFAjxfNIgYVCFMg4F9KghWbKoJwoLqWyEeIYGw0vHldQj24svLpFWr2lbVvj0t1i+zOHLgGBRACdjgHNTBNWiAJsDgETyDV/BmPBkvxrvxMW9dMbKZI/AHxucPC82ZwQ==</latexit><latexit sha1_base64="OHwzMN48HtSXEPUXPd4GZ6fei0Q=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHaRUtSRF0W3bizgn1AE8tkOm2HTpJhZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89HmdUKsv6NlZW19Y3NnNb+e2d3b198+CwJcNIYNLEIQtFx0OSMBqQpqKKkQ4XBPkeI21vfJX67QciJA2DOzXlxPXRMKADipHSUs8s2JUzx/fCSUwmPClVHB+pEUYsvklK/L4Gx+VyzyxaVWsGuEzsjBRBhkbP/HL6IY58EijMkJRd2+LKjZFQFDOS5J1IEo7wGA1JV9MA+US68eyXBJ5opQ8HodAVKDhTf0/EyJdy6nu6Mz1VLnqp+J/XjdTgwo1pwCNFAjxfNIgYVCFMg4F9KghWbKoJwoLqWyEeIYGw0vHldQj24svLpFWr2lbVvj0t1i+zOHLgGBRACdjgHNTBNWiAJsDgETyDV/BmPBkvxrvxMW9dMbKZI/AHxucPC82ZwQ==</latexit><latexit sha1_base64="OHwzMN48HtSXEPUXPd4GZ6fei0Q=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHaRUtSRF0W3bizgn1AE8tkOm2HTpJhZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89HmdUKsv6NlZW19Y3NnNb+e2d3b198+CwJcNIYNLEIQtFx0OSMBqQpqKKkQ4XBPkeI21vfJX67QciJA2DOzXlxPXRMKADipHSUs8s2JUzx/fCSUwmPClVHB+pEUYsvklK/L4Gx+VyzyxaVWsGuEzsjBRBhkbP/HL6IY58EijMkJRd2+LKjZFQFDOS5J1IEo7wGA1JV9MA+US68eyXBJ5opQ8HodAVKDhTf0/EyJdy6nu6Mz1VLnqp+J/XjdTgwo1pwCNFAjxfNIgYVCFMg4F9KghWbKoJwoLqWyEeIYGw0vHldQj24svLpFWr2lbVvj0t1i+zOHLgGBRACdjgHNTBNWiAJsDgETyDV/BmPBkvxrvxMW9dMbKZI/AHxucPC82ZwQ==</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
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Noisy results for l1-regularized PageRank

-Theorem (exact recovery)

-Let q = O

✓
1

n

◆

<latexit sha1_base64="iBnuAY9b2hjQDCH3J6vgPN7Csx8=">AAACEHicbVBNS8NAEN34WetX1aOXxSLWS0lE0ItQ9OLNCvYDmlA22027dLOJuxOhhPwEL/4VLx4U8erRm//GbZuDtj4YeLw3w8w8PxZcg21/WwuLS8srq4W14vrG5tZ2aWe3qaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXo391gNTmkfyDkYx80LSlzzglICRuqWje3yB3ZDAgBKR3mSuYAFU3EARmjpZKjNX8f4Ajrulsl21J8DzxMlJGeWod0tfbi+iScgkUEG07jh2DF5KFHAqWFZ0E81iQoekzzqGShIy7aWThzJ8aJQeDiJlSgKeqL8nUhJqPQp90zk+Xc96Y/E/r5NAcO6lXMYJMEmni4JEYIjwOB3c44pRECNDCFXc3IrpgJgwwGRYNCE4sy/Pk+ZJ1bGrzu1puXaZx1FA++gAVZCDzlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWBSuf2UN/YH3+AJxUnPU=</latexit><latexit sha1_base64="iBnuAY9b2hjQDCH3J6vgPN7Csx8=">AAACEHicbVBNS8NAEN34WetX1aOXxSLWS0lE0ItQ9OLNCvYDmlA22027dLOJuxOhhPwEL/4VLx4U8erRm//GbZuDtj4YeLw3w8w8PxZcg21/WwuLS8srq4W14vrG5tZ2aWe3qaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXo391gNTmkfyDkYx80LSlzzglICRuqWje3yB3ZDAgBKR3mSuYAFU3EARmjpZKjNX8f4Ajrulsl21J8DzxMlJGeWod0tfbi+iScgkUEG07jh2DF5KFHAqWFZ0E81iQoekzzqGShIy7aWThzJ8aJQeDiJlSgKeqL8nUhJqPQp90zk+Xc96Y/E/r5NAcO6lXMYJMEmni4JEYIjwOB3c44pRECNDCFXc3IrpgJgwwGRYNCE4sy/Pk+ZJ1bGrzu1puXaZx1FA++gAVZCDzlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWBSuf2UN/YH3+AJxUnPU=</latexit><latexit sha1_base64="iBnuAY9b2hjQDCH3J6vgPN7Csx8=">AAACEHicbVBNS8NAEN34WetX1aOXxSLWS0lE0ItQ9OLNCvYDmlA22027dLOJuxOhhPwEL/4VLx4U8erRm//GbZuDtj4YeLw3w8w8PxZcg21/WwuLS8srq4W14vrG5tZ2aWe3qaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXo391gNTmkfyDkYx80LSlzzglICRuqWje3yB3ZDAgBKR3mSuYAFU3EARmjpZKjNX8f4Ajrulsl21J8DzxMlJGeWod0tfbi+iScgkUEG07jh2DF5KFHAqWFZ0E81iQoekzzqGShIy7aWThzJ8aJQeDiJlSgKeqL8nUhJqPQp90zk+Xc96Y/E/r5NAcO6lXMYJMEmni4JEYIjwOB3c44pRECNDCFXc3IrpgJgwwGRYNCE4sy/Pk+ZJ1bGrzu1puXaZx1FA++gAVZCDzlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWBSuf2UN/YH3+AJxUnPU=</latexit><latexit sha1_base64="iBnuAY9b2hjQDCH3J6vgPN7Csx8=">AAACEHicbVBNS8NAEN34WetX1aOXxSLWS0lE0ItQ9OLNCvYDmlA22027dLOJuxOhhPwEL/4VLx4U8erRm//GbZuDtj4YeLw3w8w8PxZcg21/WwuLS8srq4W14vrG5tZ2aWe3qaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXo391gNTmkfyDkYx80LSlzzglICRuqWje3yB3ZDAgBKR3mSuYAFU3EARmjpZKjNX8f4Ajrulsl21J8DzxMlJGeWod0tfbi+iScgkUEG07jh2DF5KFHAqWFZ0E81iQoekzzqGShIy7aWThzJ8aJQeDiJlSgKeqL8nUhJqPQp90zk+Xc96Y/E/r5NAcO6lXMYJMEmni4JEYIjwOB3c44pRECNDCFXc3IrpgJgwwGRYNCE4sy/Pk+ZJ1bGrzu1puXaZx1FA++gAVZCDzlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWBSuf2UN/YH3+AJxUnPU=</latexit>

-Then with probability at least                    there exists a good seed node  
such that if we use that seed node we get

1�O(e�k)
<latexit sha1_base64="CD8EG1dZM/lOIQrSD46cDmWULy8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQFy2JCLosunFnBfuANpbJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpR2nG9raXlldW29sFHc3Nre2bX39psqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH11nfusRpGKRuNfjGLyQDAQLGCXaSD370K10Q6KHlPD0dlKGh7Qympz27JJTdabAi8TNSQnlqPfsr24/okkIQlNOlOq4Tqy9lEjNKIdJsZsoiAkdkQF0DBUkBOWl0/gTfGKUPg4iaZ7QeKr+3khJqNQ49M1kFlXNe5n4n9dJdHDppUzEiQZBZ4eChGMd4awL3GcSqOZjQwiVzGTFdEgkodo0VjQluPNfXiTNs6rrVN2781LtKq+jgI7QMSojF12gGrpBddRAFKXoGb2iN+vJerHerY/Z6JKV7xygP7A+fwAzo5T8</latexit><latexit sha1_base64="CD8EG1dZM/lOIQrSD46cDmWULy8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQFy2JCLosunFnBfuANpbJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpR2nG9raXlldW29sFHc3Nre2bX39psqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH11nfusRpGKRuNfjGLyQDAQLGCXaSD370K10Q6KHlPD0dlKGh7Qympz27JJTdabAi8TNSQnlqPfsr24/okkIQlNOlOq4Tqy9lEjNKIdJsZsoiAkdkQF0DBUkBOWl0/gTfGKUPg4iaZ7QeKr+3khJqNQ49M1kFlXNe5n4n9dJdHDppUzEiQZBZ4eChGMd4awL3GcSqOZjQwiVzGTFdEgkodo0VjQluPNfXiTNs6rrVN2781LtKq+jgI7QMSojF12gGrpBddRAFKXoGb2iN+vJerHerY/Z6JKV7xygP7A+fwAzo5T8</latexit><latexit sha1_base64="CD8EG1dZM/lOIQrSD46cDmWULy8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQFy2JCLosunFnBfuANpbJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpR2nG9raXlldW29sFHc3Nre2bX39psqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH11nfusRpGKRuNfjGLyQDAQLGCXaSD370K10Q6KHlPD0dlKGh7Qympz27JJTdabAi8TNSQnlqPfsr24/okkIQlNOlOq4Tqy9lEjNKIdJsZsoiAkdkQF0DBUkBOWl0/gTfGKUPg4iaZ7QeKr+3khJqNQ49M1kFlXNe5n4n9dJdHDppUzEiQZBZ4eChGMd4awL3GcSqOZjQwiVzGTFdEgkodo0VjQluPNfXiTNs6rrVN2781LtKq+jgI7QMSojF12gGrpBddRAFKXoGb2iN+vJerHerY/Z6JKV7xygP7A+fwAzo5T8</latexit><latexit sha1_base64="CD8EG1dZM/lOIQrSD46cDmWULy8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQFy2JCLosunFnBfuANpbJ9KYdOpmEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zPFjzpR2nG9raXlldW29sFHc3Nre2bX39psqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH11nfusRpGKRuNfjGLyQDAQLGCXaSD370K10Q6KHlPD0dlKGh7Qympz27JJTdabAi8TNSQnlqPfsr24/okkIQlNOlOq4Tqy9lEjNKIdJsZsoiAkdkQF0DBUkBOWl0/gTfGKUPg4iaZ7QeKr+3khJqNQ49M1kFlXNe5n4n9dJdHDppUzEiQZBZ4eChGMd4awL3GcSqOZjQwiVzGTFdEgkodo0VjQluPNfXiTNs6rrVN2781LtKq+jgI7QMSojF12gGrpBddRAFKXoGb2iN+vJerHerY/Z6JKV7xygP7A+fwAzo5T8</latexit>

supp(x̂) = K
<latexit sha1_base64="94XKIgoq+KTgMg3LaNo+cdZUp6Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuhGKLoR3FSwD2hCmUwn7dCZSZiZSEuIG3/FjQtF3PoX7vwbp20W2nrgwuGce7n3niBmVGnH+bYKS8srq2vF9dLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5P/NYDkYpG4l6PY+Jz1Bc0pBhpI3XtA48H0ShVSRxnFW+AdDrKTuDlLezaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nH2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQO2KOSYM3GhiAsqbkV4gGSCGsTWsmE4M6/vEiap1XXqbp3Z+XaVR5HERyCI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AH/oJaP</latexit><latexit sha1_base64="94XKIgoq+KTgMg3LaNo+cdZUp6Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuhGKLoR3FSwD2hCmUwn7dCZSZiZSEuIG3/FjQtF3PoX7vwbp20W2nrgwuGce7n3niBmVGnH+bYKS8srq2vF9dLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5P/NYDkYpG4l6PY+Jz1Bc0pBhpI3XtA48H0ShVSRxnFW+AdDrKTuDlLezaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nH2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQO2KOSYM3GhiAsqbkV4gGSCGsTWsmE4M6/vEiap1XXqbp3Z+XaVR5HERyCI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AH/oJaP</latexit><latexit sha1_base64="94XKIgoq+KTgMg3LaNo+cdZUp6Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuhGKLoR3FSwD2hCmUwn7dCZSZiZSEuIG3/FjQtF3PoX7vwbp20W2nrgwuGce7n3niBmVGnH+bYKS8srq2vF9dLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5P/NYDkYpG4l6PY+Jz1Bc0pBhpI3XtA48H0ShVSRxnFW+AdDrKTuDlLezaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nH2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQO2KOSYM3GhiAsqbkV4gGSCGsTWsmE4M6/vEiap1XXqbp3Z+XaVR5HERyCI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AH/oJaP</latexit><latexit sha1_base64="94XKIgoq+KTgMg3LaNo+cdZUp6Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuhGKLoR3FSwD2hCmUwn7dCZSZiZSEuIG3/FjQtF3PoX7vwbp20W2nrgwuGce7n3niBmVGnH+bYKS8srq2vF9dLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGF5P/NYDkYpG4l6PY+Jz1Bc0pBhpI3XtA48H0ShVSRxnFW+AdDrKTuDlLezaZafqTAEXiZuTMshR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nJSxSJER6iPukYKhAnyk+nH2Tw2Cg9GEbSlNBwqv6eSBFXaswD08mRHqh5byL+53USHV74KRVxoonAs0VhwqCO4CQO2KOSYM3GhiAsqbkV4gGSCGsTWsmE4M6/vEiap1XXqbp3Z+XaVR5HERyCI1ABLjgHNXAD6qABMHgEz+AVvFlP1ov1bn3MWgtWPrMP/sD6/AH/oJaP</latexit>
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Noisy results for l1-regularized PageRank

-The assumption that q = O

✓
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-but it is not, because it also covers the case were the size of the target 
cluster is k = O(1)
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-This is a realistic local graph clustering setting where we attempt to 
recover a very small target cluster of constant size with constant number 
of edges leaving the cluster.

- implies that there are constant number of edges leaving the cluster, 
which sounds artificial.

W. Ha, K. Fountoulakis, M. Mahoney. Statistical Guarantees of Local Graph Clustering. AISTATS 2020



Worst-case guarantees



Some definitions 

- Internal connectivity of target cluster B 

IC(B):=the minimum conductance of the subgraph induced by B

-Conductance of target cluster B: 

Assuming B is the 
smaller part of the graph

number of edges leaving B
sum of edges of vertices in B( )Φ(Β):=



Worst-case performance

-Theorem (by Zhu et al.)

Zhu et al. A local algorithm for finding well-connected clusters, ICML, 2013

-Assume that the internal connectivity of the target cluster K is larger 
than its conductance 

-False positives are bounded by

-True positives are bounded by

vol(TP )  O
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IC2(K)

�(K) log vol(K)
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Compare average- and worst-case

False Positives True Negatives

Average-case

Worst-case

vol(FP )  vol(K)
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zero

vol(FP )  vol(K)O ((1� �) log k)
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vol(TP )  vol(K)O ((1� �) log k)
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-The average-case result on FP is stronger for large values of gamma.

-Also for the average-case we can also prove exact recovery.



Parallel local spectral methods in shared memory

-Why shared memory? Currently the largest publicly available graphs can be 
stored in computers with shared memory

-We parallelize 4 local spectral methods + rounding 
1.Gradient descent for L1-regularized PageRank (in this talk) 
2.Nibble 
3.Deterministic HeatKernel Approximate PageRank 
4.Randomized HeatKernel Approximate PageRank 
5.Sweep cut rounding algorithm

J. Shun, K. Fountoulakis, F. Khorasani, M. Mahoney. Parallel Local Graph Clustering, VLDB, 2016



Overview of results

-3-16x faster than serial version

-Parallelization allowed us to solve problems of billions of nodes and edges.

J. Shun, K. Fountoulakis, F. Khorasani, M. Mahoney. Parallel Local Graph Clustering, VLDB, 2016



Input graph Num. vertices Num. edges

soc-JL 4,847,571 42,851,237

cit-Patents 6,009,555 16,518,947

com-LJ 4,036,538 34,681,189

com-Orkut 3,072,627 117,185,083

Twitter 41,652,231 1,202,513,046

Friendster 124,836,180 1,806,607,135

Yahoo 1,413,511,391 6,434,561,035

Data

J. Shun, K. Fountoulakis, F. Khorasani, M. Mahoney. Parallel Local Graph Clustering, VLDB, 2016



-3-16x speed up 
-Speedup is limited by small active set in some iterations and memory effects

Performance

J. Shun, K. Fountoulakis, F. Khorasani, M. Mahoney. Parallel Local Graph Clustering, VLDB, 2016



Local Flow Methods: 
Capacity Releasing Diffusion



Problem: spectral diffusions might leak mass

Best spectral (best tuning) 
Precision=0.71, Recall=0.91

Target cluster: 
Students of
same major

Red nodes: output of the algorithm

Data: Facebook Johns Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012



Solving the problem of spreading mass indiscriminately by gradual 
release of edge capacity

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017

-Even distribution of the residual probability mass to neighbors
Local spectral methods

-Controls the amount of mass to be send over an edge by using the height “h” 
of a node

Local flow method: Capacity Releasing Diffusion

- In theory this results in bounded mass leaked outside of the target cluster
- In practice this results in much better precision and recall 



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Maintain mass “m” and height “h” 
for each node

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=4, h=1

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate
m(v) <= 2deg(v) for all nodes v 

m(v) <= deg(v) for all nodes v 

Algorithm

Overflow: m(v) = 2m(v)

Push excess mass to 
unsaturated nodes with 
lower height

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=4, h=1

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Push excess mass to 
nodes with lower height

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate

m(v) <= deg(v) for all nodes v 

Algorithm

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=4, h=1

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate

m(v) <= deg(v) for all nodes v 

Algorithm

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017

Pick node A (has excess mass)

and a neighbor of A with lower 
height “h”



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=4, h=1

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate
Pick node C

m(v) <= deg(v) for all nodes v 

Algorithm

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=4, h=1

m=0, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate
Pick node A (has excess mass)

m(v) <= deg(v) for all nodes v 

Algorithm
Push 1 unit

Overflow: m(v) = 2m(v)

Gradual release: do not push
more than the heigh of A 

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017

Push at most "h" flow to a 
chosen neighbor



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=3, h=1

m=1, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate

m(v) <= deg(v) for all nodes v 

Algorithm

Push excess mass to 
nodes with lower height

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=0, h=0

m=3, h=1

m=1, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate

m(v) <= deg(v) for all nodes v 

Algorithm

Push
 1 

unit

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017

Pick node A (has excess mass)

and a new edge of node A of 
residual flow less than “h”



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=1, h=0

m=2, h=1

m=1, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate
m(v) <= 2deg(v) for all nodes v 

m(v) <= deg(v) for all nodes v 

Algorithm

Push excess mass to 
unsaturated nodes with 
lower height

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



A new combinatorial diffusion: Capacity Releasing Diffusion 
algorithm

A

B

C D

E

F

G

H
m=2, h=0

m=4, h=1

m=2, h=0

m=0, h=0

m=0, h=0

m=0, h=0 m=0, h=0

m=0, h=0 Overflow the seed: m(A) = 2deg(A)

Saturated nodes: m(v) >= deg(v)
Excess mass = max(m(v) - deg(v),0)

degree(v): #edges of node v

Iterate
m(v) <= 2deg(v) for all nodes v 

m(v) <= deg(v) for all nodes v 

Algorithm

Push excess mass to 
unsaturated nodes with 
lower height

Overflow: m(v) = 2m(v)

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



Theoretical comparison to spectral diffusions

-  Theoretical bound on precision/recall needs: “signal” polylog stronger than 
“noise”, as opposed to: quadratically stronger for spectral methods 

-The running time is 1/IC(B) times faster than spectral

Weaker assumptions 

Better running time

Better worst-case guarantees

-Internal connectivity (“signal”) of target B 

-Conductance of target B (“noise”): 

-Output A satisfies Φ(A) <= Ο(Φ(Β)), as opposed to Φ(A) <= Ο(Φ(Β)/IC(B))

Assuming B is the 
smaller part of the graph

IC(B):=the minimum conductance of the subgraph induced by B

number of edges leaving B
sum of edges of vertices in B( )Φ(Β):=

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



Example on Facebook Johns Hopkins social network

Our flow-based method
Precision=0.87, Recall=0.94 

Conductance ground truth: 0.26 
Conductance flow method: 0.21

Best spectral (best tuning) 
Precision=0.71, Recall=0.91 

Conductance ground truth: 0.26 
Conductance spectral method: 0.37

Same major

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



Example on Facebook Colgate University social network

Year 2008

Best spectral (best tuning) 
Precision=0.73, Recall=0.94

Our flow-based method
Precision=0.93, Recall=0.94

Capacity Releasing Diffusion for Speed and Locality, D. Wang, K. Fountoulakis, M. Mahoney, S. Rao, ICML 2017



p-norm Local Flow Diffusion

S. Yang, D. Wang, K. Fountoulakis. p-Norm Flow Diffusion for Local Graph Clustering. Submitted. Manuscript available upon request.



What is missing in spectral and flow methods?

-Propagates too much information outside a target cluster, thus leads to 
many false positives ☹ 

-This is inherently unavoidable as long as messages are distributed evenly 
along edges in graph 

-Node should be able to discriminate over their neighborhoods’ features to 
diffusion mass

-Has better theoretical guarantees, but its complicated combinatorial 
operations require a lot of parameter tuning to work well in practice ☹ 

-Simpler and more interpretable algorithms are preferred

L1-regularized PageRank

Capacity Releasing Diffusion

S. Yang, D. Wang, K. Fountoulakis. p-Norm Flow Diffusion for Local Graph Clustering. Submitted. Manuscript available upon request.



Spectrum of methods

Spectral Diffusions Combinatorial Diffusions

e.g., PageRank
easy to understand  

fast in practice  

e.g., capacity releasing diffusion

robust to noise 

S. Yang, D. Wang, K. Fountoulakis. p-Norm Flow Diffusion for Local Graph Clustering. Submitted. Manuscript available upon request.



Spectrum of methods

Spectral diffusions Combinatorial diffusions

-norm flow diffusionp

- -norm message passing is a family of convex optimization problems that 
characterizes the trade-off between spectral and combinatorial diffusions. 

-This allows us to define methods that are the best of both worlds.

p

S. Yang, D. Wang, K. Fountoulakis. p-Norm Flow Diffusion for Local Graph Clustering. Submitted. Manuscript available upon request.



Some definitions - incidence matrix

Incidence matrix B
A B C D E F G H

A-B 1 -1

A-C 1 -1

B-C 1 -1

C-D 1 -1

D-E 1 -1

D-F 1 -1

D-G 1 -1

F-H 1 -1

A

B

C D

E

F

G

H

-Ordering of edges and direction is arbitrary

S. Yang, D. Wang, K. Fountoulakis. p-Norm Flow Diffusion for Local Graph Clustering. Submitted. Manuscript available upon request.



Some definitions - flow variables

-Let    be a vector and each component of  corresponds to an edge, 
for example:

f f

A

B

C D

E

F

G

H

fAC
fCDfAB

fBC

fDE

fDG
fDF

fFH

-The magnitude of  is the amount of flow that passes through an edge 
-The sign of  is the direction of flow

f
f
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Some definitions - net flow

-Let  be a non-negative vector, each component of  indicates the initial 
mass at a node. 

-   is a vector that captures the net flow on a node. 

-  indicates the net mass on every node.

Δ Δ

BTf

BTf + Δ
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Node capacities

-We will require that each node has capacity equal to its degree  

-We will say that the initial mass  has been diffused, when the net mass on 
each node is less than its capacity:

di

Δ

BTf + Δ

net mass per node

≤ d
⏟

capacity per node
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Diffusion as an optimization formulation

minimize kfkp
subject to: BT f +�  d
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-Out of all possible flows  that satisfy the capacities we are interested in the 
one with minimum  norm, where .

f
Lp p ∈ [2,∞)
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Relation to other methods

-For  the dual of the -norm flow diffusion problem isp = 2 2

minimize 1
2

∥Bx∥2
2 − xTΔ + ∥Dx∥1

-which is a regularized spectral problem, very similar -regularized 
PageRank. 

ℓ1

-For  the dual of the -norm flow diffusion problem isp → ∞ ∞

minimize ∥Bx∥1 − xTΔ + ∥Dx∥1

-which is a regularized min-cut problem, very similar to the so-called flow-
improve methods 
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Rounding

- In practice we solve the dual of the -norm flow problemp

minimize −xTΔ + ∥Dx∥1

subject to:  ∥Bx∥q ≤ 1
x ≥ 0

-So we have direct access to the dual variables

-Sort the dual variables in descending order 
-Output the prefix set with smallest conductance.

S. Yang, D. Wang, K. Fountoulakis. p-Norm Flow Diffusion for Local Graph Clustering. Submitted. Manuscript available upon request.



-L1-reg. PageRank:                                    under assumption of strong IC 

-Capacity Releasing Diffusion:                          under assumption of good IC 

Φ(A) ≤ 𝒪(Φ(B)/IC(B))

Φ(A) ≤ 𝒪(Φ(B))

p-norm MP: theoretical guarantee

- Conductance of target B is Φ(B) := ( number of edges leaving B
sum of edges of vertices in B ) Assuming  is the 

smaller part of the graph
B

- If we set                            and assume the input source    overlaps well with B, then 
output A satisfies                        

μ = 𝒪(∥Δ∥(1−p)/p
1 ) Δ

Φ(A) ≤ 𝒪(Φ(B)1−1/p)

For comparison:
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-norm network flow diffusions - algorithmp

-Simple randomized coordinate descent 

-Running time
𝒪( |Δ |

γ ( |Δ |
ϵ )1−2/plog 1

ϵ )
-  represents the magnitude of the input source. 
-  is the strong convexity parameter of the dual problem. 
-  is the required accuracy

|Δ |
γ
ϵ

-  gives the usual running time for spectral methods  
-  gives 
p = 2 𝒪̃( |Δ | )
p → ∞ 𝒪̃( |Δ |2 /ϵ)
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p-norm flow diffusion: empirical performance
- Performs very well on theoretically hard instances, e.g., nearly exact recovery on the 
Cartesian product of a binary tree and a line graph.

- Significantly outperforms 
PageRank and nonlinear diffusion 
on real world social and biological 
networks. 

μ

- Plot shows results on LFR synthetic 
model, basically a stochastic block model. 

-    is a parameter that controls noise, the 
higher the more noise.
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- Currently we do not have any bounds on false positives and false negatives.
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- Currently we apply black-box optimization algorithms to the dual problems. Although 
we can show that these algorithms are strongly local in terms of running time, we can 
probably do better by early termination or other specialized algorithms 

- Currently, our conductance result requires sufficient overlap with the target cluster. 
What if we have a single node inside the target cluster? This problem has been 
solved for Capacity Releasing Diffusion, can we do the same for Lp local flow?

- Finally, it is known that Lp problems with equality constraints can be solved in nearly 
linear time. In our case we have an Lp problem with inequality constraints, can we 
still solve this in nearly linear time? 

Open problems regarding Lp local flow.



Software



Software

LocalGraphClustering on 

-Written in Python with C++ routines when required 

-Demonstrations on social and bioinformatics networks 

-Multiple Python notebooks with numerous examples and graph visualizations 

-Video presentations 

-12 methods and pipelines



Thank you!


